This paper concerns the problem of the high probability state transfer among 2 s symmetrically placed nodes of the N -nodes spins 1/2 chain with the XXZ Hamiltonian. We consider examples with (N, s) = (4, 4), (N, s) = (6, 4) and (N, s) = (8, 8).
Introduction
This paper concerns the problem of the high probability state transfer (HPST) [1] between different nodes of the spin 1/2 chain, which becomes a popular problem due to the development of the quantum communication systems and quantum computing. By "state transfer" we mean the following phenomenon [2, 3] . Consider the chain of spins 1/2 with dipole-dipole interactions in the strong external magnetic field. Let all spins be directed along the external magnetic field except the ith one whose initial state is arbitrary, ψ i = cos θ|0 + e iφ sin θ|1 , where |0 and |1 mean the spin directed along and opposite the external magnetic field respectively. Let the energy of the ground state (all spins are aligned along the magnetic field) be zero. If the state of jth node becomes ψ j = cos θ|0 +e iφ f ij sin θ|1 with |f ij | = 1 at time moment t 0 then we say that the state has been transfered from the ith to the jth node with the phase shift φ ij = arg f ij . Since |f ij | = 1, all other spins are directed along the field at t = t 0 , i.e. their states are |0 . Function f ij is the transition amplitude of an excited state |1 from the ith to the jth node. Note that if all nodes of the chain have equal Larmor frequencies and we are interested in the state propagation between two nodes, say between sth to rth nodes, then the shift φ sr may be simply removed by the proper choice of the constant magnetic field value [2] , so that f ij = 1, i.e. the state is perfectly transfered.
There exists a wide literature studying the state transfer along the spin chains in the strong external magnetic field. For instance, propagation of the spin waves in homogeneous chains was considered in [4] . It was demonstrated that the state may be perfectly transfered between two end nodes [3, 5] as well as between two symmetrical inner nodes [6] in the inhomogeneous chain. State propagation along the alternating chains was studied in [7, 8] . It was shown in [9, 10] that the chains with week end bonds provide the state transfer from one to another side of the chain. End-to-end entanglement in both alternating chains and chains with weak end bonds has been studied in [9] . Some aspects of the entanglement between remote nodes of the chain have been studied in [11] .
However, all these references consider the state transfer between two end nodes (or between two symmetrical nodes) which is required for the construction of the communication channels where the state must be transfered from one object to another. Meanwhile, the quantum computation requires such systems which have HPSTs among many different nodes and, as a consequence, may distribute information among these nodes. Such systems may be candidates for the quantum register. Emphasise that, as it was indicated above, the excited state may be transfered from the initial ith node to some jth node with proper phase shift φ ij . However, we will show that all these shifts may be removed in a simple way introducing the time dependent magnetic field, see Sec.2 (remember that the single phase shift can be removed by a constant magnetic field, like it was done in the case of the state propagation between two nodes [2] ). Thus, in general, the phase shifts φ ij do not create serious obstacles for the quantum communications. The only problem is the organization of the state transfers with big values of |f ij |.
A simple variant of such systems is suggested in our paper. Namely, we construct the chain of N nodes which has set L of N ≤ N nodes
with the HPSTs between any two of them, i.e. if the unknown state φ n = cos θ|0 +e iφ sin θ|1 is generated in any particular node n from the set L (while the initial states of all other nodes are |0 ) then this state may be detected with high probability in any other node m from the set L after appropriate time intervals.
Hereafter we will use the notation Fig.1 . Here N i and M i are the numbers of nodes
The total number of the nodes is N =
The chains L i allow the HPSTs among their end nodes p 2i−1 and p 2i , i = 1, . . . , K. These chains are connected through the spin 1/2 chains
) are coupling constants between p 2i (p 2i+1 ) and first (last) node of the chain C i , i = 1, . . . , K − 1. For unambiguity, the coupling constants between nth and mth nodes of the whole chain will be called D nm . Namely parameters D nm appear in the Hamiltonian (12) . D n ≡ D n(n+1) are coupling constants between the nearest neighbours.
in L i and C i respectively. Let us clarify the structure of this scheme. Each of the chains L i , i = 1, . . . , K, allows the HPST between its end nodes p 2i−1 and p 2i . Chains l i collect all inner nodes of L i and consequently have N i − 2 nodes. Two chains L i and L i+1 are connected by the "week bond" through the chain C i , i = 1, . . . , K − 1. By "week bond" between L i and L i+1 we mean the following necessary inequality among the coupling constants:
Emphasize that, also the HPST is organized between end nodes of each particular chain L i (taken out of the general chain), the whole chain L 1,...,K does not provide the HPSTs between all p i (i = 1, . . . , 2K) in general case. However, we are interested in the particular form of the chain L 1,...,K which does provide the HPST among all nodes p i . First of all, such chain must be symmetrical and may be written as
where N = 2 s , s = 1, 2, . . ., see Fig.2 . 
Let the chain have N nodes. We use notationsP
pnpm for the probability of the exited state transfer between p n th and p m th nodes, for the time interval required for this transfer and for the phase shift of the transfered exited state, n, m = 1, . . . , N ≤ N:
Due to the symmetry of the chain, we have the following identities:
Because of the wide spread of the coupling constants, the time intervalt 
i.e. the state may be transfered between two nodes much faster if both nodes are placed in the same half of the chain. Thus, an important characteristic of such chain is the interval
Hereafter the state transfer between the nodes p n and p m will be referred to as HPST if
The value P 0 is conventional. We take P 0 = 0.9 in Examples of Sec.3 and in Example 1 of Sec.5 and P 0 = 0.8 in Examples of Sec.4 and in Example 2 of Sec.5.
The set of all possible HPSTs between any two nodes from the list L will be referred to as HPST(N; L), where N is the total number of nodes in the chain. We call the parameters of HPST(N; L) in such chain the set of parameters
Since the organization of the HPSTs among different nodes of the set of N > 2 nodes is an essential property of the quantum register, the chains constructed in this paper may be candidates for this role.
While the nodes p i may serve as the q-bits of the quantum register, the chains l i (and C i ) serve to decrease the time intervalst
) required for the state transfer between the nodes p 2i−1 and p 2i (and between the nodes p 2i and p 2i+1 ) separated by the long distance as it happens in the communication channels. Namely, if L i consists of two nodes p 2i−1 and p 2i then the time intervalt
may be reduced putting additional chain l i with properly adjusted coupling constants between these two nodes. Similarly, the time intervalt
required to transfer the excited state between the last node of L i (i.e. node p 2i ) and the first node of L i+1 (i.e. node p 2i+1 ) may be reduced putting chain C i with properly adjusted coupling constants between L i and L i+1 , see, for instance, chain C 1 (2) in Finally we note that, constructing the spin chain, we want (1) to satisfy the condition (7) forP
(2) to minimize the parameter T 
State transfer in spin 1/chain with XXZ Hamiltonian
We study the HPSTs [1] among nodes of the spin 1/2 chain in strong external magnetic field B(t) with the XXZ Hamiltonian
where γ is the gyromagnetic ratio, r ij is the distance between ith and jth spins, I i,α is the projection operator of the ith spin on the α axis, α = x, y, z, I z is the z-projection operator of the total spin, D ij are the spin-spin coupling constants. This Hamiltonian describes the secular part of the dipole-dipole interaction in the strong external magnetic field [12] . For our convenience, we
It is obvious that all D i may be arbitrary by definition.
Although the approximation of the Hamiltonian (12) by the nearest neighbour interaction is very popular in study of the quantum state transfer, one can show that it is not applicable to the inhomogeneous chains which have a wide spread of coupling constants. In fact, this approximation is applicable if
Only in this case we may disregard terms with coupling constants D ij (j > i + 1) in the Hamiltonian. However, this is not possible in general. Consider, for instance, the chain in Fig.3 . In this chain, the approximation by the nearest neighbour interaction 
in the Hamiltonian, i.e. we neglect the term which is bigger then the term which is taken into account. Comparison of the coupling constants in the chains considered in Secs.3-5 confirms that the approximation of the Hamiltonian by the nearest neighbour interaction is not applicable to these chains. Thus, hereafter we consider the total Hamiltonian (12).
It is convenient to take the eigenvectors of I z as the basis of the matrix representation of the Hamiltonian (12) . This is possible since the Hamiltonian (12) commutes with I z :
so that both H and I z have the common set of eigenvectors. In general the dimensionality of the matrix representation of the Hamiltonian is 2 N × 2 N .
As usual, we write the eigenvectors of the operator I z in terms of the Dirac notations. Let
be the eigenvector of the operator I z where the ith spin is directed opposite to the external magnetic field if n i = 1 and along the field if n i = 0. Then the matrix representation H of the Hamiltonian H gets the following diagonal block structure:
where the block H i is assotiated with the states having i spins directed opposite to the field. The dimensionality if this block is
It is important that in order to study the problem of the single quantum state transfer along the spin 1/2 chain with Hamiltonian (12) only the blocks H 0 and H 1 are needed,
where I is N × N identity matrix. Thus, instead of 2 N × 2 N matrix representation of the Hamiltonian we have N × N block H 1 and scalar block H 0 , which significantly reduces all calculations.
It was shown [2] that effectiveness of the quantum communication channel may be measured by the fidelities of the state transfers between p n th and p m th nodes:
where the amplitudes f 
Here u ij , i, j, = 1, . . . , N, are components of the eigenvector u j corresponding to the eigenvalue λ j of the matrix D: Du j = λ j u j . The effectiveness of the state transfer is characterized by the set of parametersF
pnpm ), n, m = 1, . . . , N . It is evident, that these parameters take maximum values if
which may be considered as the system of equation defining (not uniquely) the time dependence ω(t) (which must be positive over the interval 0
n, m = 1, . . . , N .
Then the values of the fidelities F The HPSTs from the end node to (some of) the inner nodes of the spin chain becomes possible due to the following mechanism. Let us take two identical chains L 1 (N 1 ) which allow the HPST between their end nodes. LetD be the minimal coupling constant between the nearest neighbours in these chains. We connect these chains by the weak bond with the coupling constant D N 1 ≪D, resulting in the chain L 11 (N 1 , 0, N 1 ) of N = 2N 1 nodes, see Fig.4 . Then 
These HPSTs may be understood as follows. Let spin p 1 be directed opposite to the external magnetic field while all other spins of the chain L 11 (N 1 , 0, N 1 ) be directed along the field initially. Due to the small coupling constant D N 1 this excited state remains inside of the first chain L 1 (N 1 ) for the long time with the high probability to be detected in either p 1 or p 2 (since, by definition, the chain L 1 (N 1 ) provides HPST between end nodes). However, due to the bond between two chains L 1 (N 1 ), the excited state will be transfered to the second chain L 1 (N 1 ) after comparatively long time interval T tr with the high probability. If this happens, than the excited state remains in this chain for the long time with high probability to be detected in either p 3 or p 4 . Similarly, after one more time interval T tr the excited state will return to the first chain L 1 (N 1 ) with the high probability, and so on. Parameter D N 1 may be fixed by the two conditions (9) and (10) . Hereafter in this section we take P 0 = 0.9 in the definition (7). Consider two simple examples. In this case the set L consists of all nodes of the chain L 11 (2, 0, 2). We set D 1 = D 3 = 1 for simplicity and vary D 2 = δ in order to satisfy the conditions (9) and (10) . We have found that the optimal parameters of the HPST(4;1,2,3,4) correspond to δ = 0.196. These parameters are represented in Table 1 , see also Let us find the time evolution of the external magnetic field which satisfies conditions (22) We see that the function ω(t) constructed in this way is positive over the interval 0 ≤ t ≤t (t
Example 2: the HPSTs in the chain L 11 (3, 0, 3) . We take two homogeneous chains of three nodes L 1 (3). It is known that the ideal state transfer is possible between the end nodes of these chains [3] . We connect them by the weak bond obtaining the chain shown in Fig.6 . Thus, L = 1, 3, 4, 6. Let 
We vary δ 2 to obtain the best correspondence to the conditions (9) and (10) . The optimal value is δ 2 = 0.028. The appropriate parameters of the HPST(6;1,3,4,6) are represented in Table  2 .
Modification of the chain
The chain shown in Fig.4 becomes very long. To decrease this time interval we suggest the following modification of the chain L 11 (N 1 , 0, N 1 ) .
Let us take a symmetrical chain C 1 (M 1 ) of M 1 nodes with maximal coupling constant between neighbours D satisfying the following condition: D <D. Using the coupling constant D 12 ≪D we may construct the chain Fig.7 . Here L consists of the end nodes of chains L 1 and may not involve any node of C 1 (M 1 ). This statement is valid due to the fact, that the probability for the spin to be detected in the chain C 1 (M 1 ) may not be high because of the small coupling constants both inside of this chain and D 12 . These coupling constants should be fixed by the conditions (9) and (10) .
Example: the HPSTs in the chain L 11 (2, 2, 2). We consider the HPST(6;1,2,5,6) in the chain L 11 (2, 2, 2) shown in Fig.8 . This is a chain of 6 nodes (N = 6). We fix D 1 = D 5 = 1 and vary parameters , N = 2N 1 + M 1 (compare with the scheme in Fig.4) . and satisfy the conditions (9,10). We have found that the following values of the parameters δ i yield a good result: δ 1 = 0.224 and δ 2 = 0.649. The appropriate parameters of the HPST(6;1,2,5,6) are represented in Table 3 .
Here we demonstrate that the intermediate chain C 1 (2) in the chain L 11 (2, 2, 2) speeds up the state transfer between p 2 and p 3 separated by the distance R = 2(Γ/δ 1 ) 1/3 + (Γ/δ 2 ) 1/3 . For this purpose we compare the parameterst
for the chain L 11 (2, 0, 2) (see Fig.5 ) with D 2 = Γ/R 3 ≈ 0.011 and parameter t
25 ≈ 64.4 from the Table 3 . Numerical simulation shows thatt Chains L 11 (N 1 , 0, N 1 ) and L 11 (N 1 , M 1 , N 1 ) considered in Sec.3 provide the HPSTs between any two nodes out of the set L consisting of four nodes. However, the number of such nodes may be increased using the following obvious generalization of these chains.
Let us take two chains L 12 (N 1 , M 1 , N 1 ) and L 21 (N 1 , M 1 , N 1 ) (see Fig.1 ) and the symmetrical chain C 2 (M 2 ). The maximal coupling constantD between the nearest neighbours in C 2 (M 2 ) must satisfy inequalityD < min (D 12 , D 13 ,D) , whereD is the minimal coupling constant between the nearest neighbours in L i (N 1 ), i = 1, 2. Using the coupling constant D 24 , D 24 ≪D, we construct the chain of N = 4N 1 + 2M 1 + M 2 nodes shown in Fig.9 . Here L consists of the
It is obvious that this algorithm may be extended to construct chains with L consisting of 2 s nodes s = 1, 2, . . ... Consider the simplest example where we take P 0 = 0.8 (see eq. (7)). To provide the HPSTs among all nodes we must take a small coupling constant D 4 between these two chains. Namely, it must be less than δ = 0.196 introduced in Example 1 of Sec.3. We take
196. The disadvantages of this chain are big parameter T (8) 8 and comparatively small values of P (8) ij , i, j = 1, . . . , 8 (i = j). After optimization we obtain δ 3 = 0.010. The parameters of the HPST (8;1,2,3,4,5,6,7,8) are represented in Table 4 . N 1 , M 1 , N 1 ) and L 1221 (N 1 , M 1 , N 1 , M 2 , N 1 , M 1 , N 1 ) in a proper way, i.e. varying not only the coupling constants between chains L 1 (N 1 ) (like it was done in Secs.3 and 4) but also the coupling constants inside of L 1 (N 1 ). This allows one to decrease significantly parameter T (N ) N . After such process the above chains will be reduced to the "optimized" chains which we callL 11 (N 1 , M 1 , N 1 ) andL 1221 (N 1 , M 1 , N 1 , M 2 , N 1 , M 1 , N 1 ) respectively (compare the parameters from Tables 2 and 5 and from Tables 4 and  6 ).
Example 1: the HPSTs in the chainL 11 (3, 0, 3), P 0 = 0.9. The purpose of this section is to decrease the parameter T which have been found in Example 2 of Sec.3, see Table 2 and Fig.6 . We take
and vary δ i , i = 1, 2 keeping in mind the conditions (9, 10) . We have found that the optimal parameters of the HPST(6;1,3,4,6) correspond to the δ 1 = 0.769 and δ 2 = 0.092, see Table 5 and Table 6 and Fig.10 . Table 1 The parametersP (4) ij (the first number in the box),t (4) ij (the second number in the box) andφ Table 2 The parametersP (6) p i p j (the first number in the box),t (6) p i p j (the second number in the box) andφ (6) p i p j (the third number in the box) of the HPST(6;1,3,4,6) in L 11 (3, Table 3 The parametersP (6) p i p j ((the first number in the box),t (6) p i p j (the second number in the box) andφ (6) p i p j (the third number in the box) of the HPST(6;1,2,5,6) in L C 12 (2, 2, 2)
Conclusions
Using the numerical simulations we demonstrate that the N-nodes spin 1/2 chains with wide spread of the properly adjusted coupling constants allow the HPSTs between different nodes. It is important that the whole Hamiltonian (12) rather then approximation by the nearest neighbour interaction must be used for the correct description of the HPSTs in such chains.
We have found that two spin 1/2 chains L 1 (N 1 ) with the HPST between end nodes may be connected by a relatively weak bond to get a chain with the HPSTs among four nodes, see Sec.3. In turn, having two such chains we may connect them by another weak bond to get a chain with the HPSTs among eight nodes (see Sec.4), and so on. Formally, the number of the nodes allowing the HPSTs among all of them may be 2 s , where s = 1, 2, . . .. However, the disadvantage of such chains is a rapid increase of the time interval T We also demonstrate that the speedup of the state transfer between the nodes p i and p i+1 separated by the distance R may be achieved using the intermediate chain with properly adjusted coupling constants, see Sec.3.1. Table 5 The parametersP (6) p i p j (the first number in the box),t (6) p i p j (the second number in the box) andφ (6) p i p j (the third number in the box) of the HPST(6;1,3,4,6) inL 11 (3, Table 6 The parametersP (8) p i p j (the first number in the box),t
p i p j (the second number in the box) andφ (8) 
